SO GIAO DUC VA PAO TAO KY THI CHON HQC SINH GIOI CAP TINH THPT

Cau 3:

Cau s:

PHU YEN MON TOAN - LOP 12
NAM HQC 2020 - 2021
Thoi gian 1am bai: 180 phut (khong ké thoi gian phat d¢)
Ngay thi: 06/10/2020

(3,0 diém)
Giai phuong trinh x+4+/x+3 +2+/3-2x =11.
(3,0 diém)

Xyz+z=a
Cho hé phuong trinh { xyz> +z =5 (a,beR). Tim tat ca cac gid tri ciia a,b déhé phuong
¥ +y +z0 =4
trinh c6 nghiém duy nhat.
(4,0 diem)
a) Cho tam thirc bac hai f(x)=ax’+bx+c(a,b,ceR,a#0) co hai nghiém x,x, thuoc
(a—b)(2a-b)
ala—b+c)
b

b) Cho a,b,c 14 cac sb duong. Chiing minh rang: 22454
¢ a

[O; 1]. Tim gié tri 16n nhit cua biéu thuc 4 =

3
9 abc >6.

a+b+c

(5,0 diém)

a) Chodiém M tuy y nam bén trong tam gidc ABC. Goi S,, §,, S, lan luot 1a dién tich cua
cac tam giac MBC, MAC, MAB . Chimg minh rang S, MA+ S, MB + S, MC=0.
b) Trong mit phing Oxy, cho parabol (P):y=x"+px+q véi (¢ #0). Biét rang (P) cit
truc Ox tai hai diém phan biét 4, B va cit truc Oy tai C. Ching minh rang khi p va ¢ thay
doi, du(:mg tron ngoai tiép tam gidc ABC ludn di qua mot diém cb dinh.

(3,0 diem)

2

Cho ddy s6 (u,) xéc dinh béi: u, = 2;u,,, = 2”— Vv6i n=1.23....

a) Chiung minh rang day s6 (u,) gidm va bj chan.
b) Hay x4c dinh sb hang tong quét cua day sb (u, ).
(3,0 diém)

Tim tit cd cac ham s§ f:R* > R théa mén diéu kién: f (

x+y):f<x>+f<y> o
2020 2019 7 '
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HUONG DAN GIAI

Giai phuong trinh x +4~/x +3 +2+/3-2x =11.
Loi giai
A en 3
Dbiéu kién: -3<x< 5 (*).

Véi diéu kién (*) phuong trinh da cho twong dwong véi phuong trinh:

a3 —(x+7)+2[B-2x —(2-x)]=0 A7) 32 (2o

4x+3+(x+7)  3-2x+(2-x)

—x*+2x-1 —x?+2x-1 2 -1 -2
+2. =0 < (x-1) + =0.
dx+3+x+7  3-2x+2-x Ax+3+x+7 J3-2x+2—-x

véi —3£x£%thi 4Jx+3+x+750, x/3—2x+2—x=%(x/3—2x+1)2 - 0.

-1 -2
+
4Nx+3+x+7 N3-2x+2-x
Tu phuong trinh trén ta duge: x—1=0< x=1.

Twr d6 suy ra: <0, Vxe{—?);%]

Vay phuong trinh da cho c6 tap nghiém § ={1}.

xyz+z=a
Cho h¢ phuong trinh {xyz" +z=b  (a,beR). Tim tit ca cac gid tri clia a,b déhé phuong
X +y +z0 =4
trinh c6 nghiém duy nhat.
Loi giai
Gia st (x,,¥,,2,) 1a nghiém cua hé phuong trinh, khi d6 (—x,,—,,z,) cling 1a nghiém. Do do
de hé phuong trinh c6 nghiém duy nhat thi:

Xy =—X, x,=0
Yo=Y, <Y, =0.
Z, = Z, z=1z,
z’ =4
Tu hé phuong trinh: x* +y° +z° =4 = <z=a 2(a,b)e{(2,2),(—2,—2)}_
z=b
Truong hop 1: {azz Tac6: {xyZJFZ:Z :>0=xyz(z—1)<:>[xyz:0,
' b=2 xyzt+z=2 z=1
Véi z=1taco: {xlez 3(x,y)=[1+ﬁ;@J hotc (x’y):(@;nﬁ}
Xy =3 2 2 2 2
a:2 . .
= {b:z thi hé phuong trinh ¢6 2 nghiém (loai).
Trudng hop 2: {a:—Z Taco: {xyz+z:—2 :()nyz(z_l)@{xyzzo_
' b=-2 xyzt +z=-2 z=1
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o =3
Voiz=1taco:q , .
X +y =3
Ta c6 (x+y)2 :(x2 +y2)+2xy =3-6<0 nén hé phuong trinh v nghiém.

Tuong tu z =0 nén h¢ phuong trinh vo6 nghiém.

x=0
a=-2 .
Véy{ _ 5 ta c6 nghiém duy nhat < y=0 .
o z=-2

a) Cho tam thirc bac hai f(x)=ax’+bx+c(a,b,ceR,a#0) co hai nghiém x,x, thuoc
(a—b)(2a-b)
a(a—b+c)
b ¢ 9Rlabc S

b) Cho a,b,c 14 cac sb duong. Ching minh ring: 4,2, >
¢ a a+b+c

[O; 1]. Tim gié tri 16n nhit cua biéu thuc 4 =

6.

Loi giai

a) Ap dung dinh Ii Viet: X X, = —é;x1 X, = <
a a

(a—b)(2a-b)
ala—b+c)

Taco: 4=

b b
(l‘g)(z‘;) (x4 x)( +14+x, +1)
b ¢ I+x, +x, +x,x,

(DA +x, +x,) N (e, +D(I+x, +x,)
(D, +1) (x, +1)(x, +1)

=+ =)+ (1+—2)
x, +1 x +1

Khong mét tong quat gia sir X 2X,.

= x,(x,—x)+x  —1<0 (doxl,x2 6[0;1]).
2 2

=X +x <xx, +1

2 2
=X, +x, X +x <Sxx, +x, +x +1

SR . B
x+1 x,+1
= A<L3.

Day "=" xéyrakhia:—gzc.
2 2 2
b) Taco: E+£+éz3,3/61—;2+é+£2313/])—;£+£+32313fC—.
b b c bc ¢ ¢ a ca a a b ab
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Cau 4:

Cong vé vai vé ba bit dang thirc trén ta dugc:

a b c¢_a+b+c b ¢ 9Jabc a+b+c 93/abc
—F—+—2 . Nén suyra 22454 + >6.
¢ a Jlabc b ¢ a a+b+c Jabec a+b+c

Dau "=" xdyrakhi a=b=c.

a) Cho diém M tuy y nam bén trong tam gidc ABC . Goi S, S,, S, lan luot 1a dién tich cua cac

tam giac MBC , MAC , MAB . Chimg minh rang S,.MA+ S, MB+S,.MC =0.
Loi giai

Goi A’ 1a giao diém ctia duong thang MA véi BC . Ta co:

MH — HA' — AC — AB —

MA = MA+HA =2 v+ B e~ AS B+ A2 e
MB MC BC BC
Taco Md =4 g = M4 AC oi AB g | S MA AC g MA AB =0
MA ma \ BC BC MA' BC M4 BC

d(A,MC).MC d(M,AC).AC MA AC
d(A,MC).MC" d(M,BC).BC ~MA' BC'

Mt khdc e, Sare
AMA'C SAMBC

MA A'B
" MA'BC

.S S
Tuong ty ta ¢y —AMAE —AMAB

AMA'B SAMBC
Thay vao ta dugc:

MA = ZAMAC BM+SAMAB CM .

AMBC SAMBC
Suy ra MA.S, 0 + Sy MB+S,,,,,-MC =0, didu phai chimg minh.

b) Trong mit phang Oxy, cho parabol (P):y=x"+ px+q véi (g#0). Biét rang (P) cit
truc Ox tai hai diém phan biét 4, B va cit truc Oy tai C. Ching minh rang khi p va ¢ thay
d6i, dudng tron ngoai tiép tam gidc ABC ludn di qua mot diém cb dinh.

Loi giai

https://hdgmvietnam.org



https://hdgmvietnam.org

—pEAlpi—4
Xét phuong trinh x” + px+¢=0cd A= p’> —4q >0 va c6 hai nghiém 1a X, = %
Khi do (P) cat truc Ox tai hai diém phan biét 4= (x,;0), B=(x,;0) va (P) cit Oy tai diém

C=(0;q).
Goi I(x,y) 1a tim duong tron ngoai tiép tam gidc ABC.

x+p+\/p2—4qJ2 :Lx_—p+\/p2—4qJ2

o IA=1IB { 2 2
Ta c6 hé phuong trinh

=
IA=1IC > 2
+4/p° -4
[Hp g qJ = (vma)
__P
x= 5 x:_g
= > 2 = . Khi d6 ban kinh:
+4/p’ —4 11
(H%} +y =X +(y-q) y=2a+s

Suy ra phuong trinh duong tron la:
X+y +px—(g+)y+q=0=xp+(1-y)g+x’+)y’—y=0.

Do duong tron di qua diém ¢ dinh v6i moi p,g nén phuong trinh trén phai vo sé nghiém ( D; q)

x=0
x=0 _ A 3 \
suyra {y=1 <:>{ | . Vay diém co dinh 1a M (0;1).
y:
¥ -y=0
, u?
Cho day s6 (u,) xac dinh boi : u =25u,,, =—"—,v6i n=1.2.3....

n+l 2un -1

a) Chung minh rang day s6 (u,) gidm va bi chin.

b) Hay x4c dinh s6 hang tong quat cua day s6 (u, ).

Loi giai
a) Tacou, =u +1-122u,|-1.
2
Dodo u,,, =—*—=>1,Vn.
u, —1
Mit khéc 1, —u, —u | | <0,vn.
2u, —1

Suy ra day (u,) la ddy giam va bi chan dudi boi 1 va bi chan trén boi u, =2.
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Cau 6:

b) Ta co in—%.
u u, u

n+l n n

s 1 .
Pit v, =—,tacd v, =2v, v &, —1=2v, -V ~1v, ~1=—(v,-1)".

u

n

2n
1= (0 v 1= ) =0 5]

2n 2n-2
Suyra v, =(-1)" (%) +1, hay v, =(-1)’ (—J +l=u, =

o) SO0 e

Tim tat cd cac ham s6 f:R* > R théa man diéu kién: f
2020 2019

Loi giai
Gid s ton tai ham f thda man diéu kién trén.

x \_2f(x)
Cho y=x,tasuyra — ===, Vx>0.
e f(mwj 2019~

Ap dung déng thtrc trén, ta suy ra:

X4y oar X+y
f()+f () _ (Hyj_ 2 | ( 2
2019 =/ 2020 =/ 1010 | 2019 > VY >0.

Tir 46, ta rat ra dang thirc (1) rat quan trong la:
+
f(ﬁy]:f(x) IO) veyso .
2 2
Thay y boi y+z, ta dé dang suy ra:

S(2)+1(22)
f(er;/Jrz):f(x)"‘g(y"'z):f(x)Jr 5 2 » Vx,p,2>0.

Twr d6, véi vai trd x, y, z nhu nhau, ta s€ suy ra:

f(x)+f(2y)+f(2z) f(zx)+f(2y)+

2 - 2
Do @6, ta phai co:
f(2x)—2f(x)=f(2z)—2f(z):C, Vx, z>0.
Két hop vé6i ding thirc (1), ta s& co:

2 X C+2 yj C
f(x;yJ:f(x)Jrf(y): f(z}r . f(z ' , Vx, y>0.

2 2
Noi cach khac, ta phai co:

R R pd
f(2+2j 2f£2j+f(2)+C,Vx,y>O.

bat g(x)=f(x)+C,tacd g:(0;40) >R thoa man:

f(z), vx,y,z>0.
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g(x+y)=g(x)+g(y) , Vx,y>0.
Hon nita, g ciing phai thoa nim diéu kién:

g( - j—C 2 (g(x)-C), Vx>0,

1010) 2019
No6i cach khac, ta s€ co:
2
ol |- g(x)+2017c,vx>o.
1010 ) 2019 2019

Chimg minh bang qui nap, ta duge g(x)=xg(1) véi moi xe QN (0;+0) . Nén cho hing sb

C = f(2x)-2f(x)=0 théa man diéu kién véi moi x hitu ty duong thi:

xg(l):2xg(1)+2017c<:>( 12 jx (1):20170
1010 2019 2019 2019

1010 2019
Diéu nay xay ra khi va chi khi g(1)=0.
Thé thi ta phai c6 g(x)=f(x) v6imoi x>0 va f(2x)-2f(x)=0,véimoi x>0 .
Twr d6 suy ra:

f(x+y)=f(x)+f(»), ¥x, >0

f( - jzzf(x) Vx>0
1010) 2019 °

Cubi ciing, khong kho dé chimg minh dugc:

X X X X X
1010 =f|——|+..+ = +..+ = , Vx>0.
f(lOle f(lOle f(lOle ! 1010 1010 f(x) *

1010 lan 1010 lan

Cho nén ta c6 phuong trinh:

M:L(X), Vx>0 < f(x)=0, Vx>0.
1010 2019

Thit lai, ta thdy ham sé f(x)=0 véimoi x >0 théa man yéu clu bai toan.
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